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WEIGHTED BOUNDEDNESS OF MAXIMAL FUNCTIONS
AND FRACTIONAL BERGMAN OPERATORS
BENOIˆT F. SEHBA
Abstract. The aim of this paper is to study two-weight norm inequal-
ities for fractional maximal functions and fractional Bergman operator
defined on the upper-half space. Namely, we characterize those pairs of
weights for which these maximal operators satisfy strong and weak type
inequalities. Our characterizations are in terms of Sawyer and Be´kolle´-
Bonami type conditions. We also obtain a Φ-bump characterization for
these maximal functions, where Φ is a Orlicz function. As a conse-
quence, we obtain two-weight norm inequalities for fractional Bergman
operators. Finally, we provide some sharp weighted inequalities for the
fractional maximal functions.
1. Introduction
Let H be the upper-half plane, that is the set {z = x + iy ∈ C : x ∈
R, and y > 0}. Given ω a nonnegative locally integrable function on H
(i.e. a weight), α > −1, and 1 ≤ p <∞, we denote by Lp(H, ωdVα), the set
of functions f defined on H such that
||f ||pp,ω,α :=
∫
H
|f(z)|pω(z)dVα(z) <∞
with dVα(x + iy) = y
αdxdy. We write Lp(H, dVα) when ω(z) = 1 for any
z ∈ H and ‖ · ‖p,α for the corresponding norm.
For α > −1 and 0 ≤ γ < 2 + α, the positive fractional Bergman operator
Tα,γ is defined by
(1) Tα,γf(z) :=
∫
H
f(w)
|z − w|2+α−γ
dVα(w).
For γ = 0, the operator Tα := Tα,0 corresponds to the positive Bergman
projection.
For I ⊂ R an interval, we put QI := {z = x + iy ∈ C : x ∈ I and 0 <
y < |I|}. The fractional maximal function Mα,γ is the function defined for
any f ∈ L1loc(H) by
Mα,γf(z) = sup
I∈Dβ
χQI (z)
|I|2+α−γ
∫
QI
|f(w)|dVα(w).
When γ = 0, Mα :=Mα,0 is just the Hardy-Littlewood maximal function.
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The operators Tα,γ and Mα,γ appear naturally in the problem of off-
diagonal weighted inequalities for the Bergman operator (see [13]). Obvi-
ously, Mα,γ is pointwise dominated by Tα,γ and it is easy to see that given
two weights σ and ω on H, for 1 ≤ p ≤ q < ∞, the boundedness of Tα,γ
from Lp(H, σdVα) to L
q(H, ωdVα) implies the boundedness of P
+
α = Tα from
Lp(H, σdVα) to L
q(H, ωdVβ) where β = α+ qγ.
We are interested in this work to the pairs of measure µ and weight ω
such that the operator Mα,γ satisfies strong and weak type inequalities.
More precisely, given 1 ≤ p ≤ q < ∞, we provide some characterizations
of positive measures µ on H and weight ω such that the following strong
inequality holds
(2)
∫
H
(Mα,γf(z)|)
q dµ(z) ≤ C
(∫
H
|f(z)|pω(z)dVα(z)
) q
p
We also characterize those positive measures µ on H such that
(3) µ ({z ∈ H :Mα,γf(z) > λ}) ≤
C
λq
(∫
H
|f(z)|pω(z)dV (z)
) q
p
In the case of strong inequalities, our characterizations are given in terms
of Sawyer type conditions, Be´kolle`-Bonami type conditions. Sufficient con-
ditions are also obtained by adding some Φ-bump conditions on the weight,
where Φ is an appropriate Young function. The latter allows us to obtain
two-weight norm inequalities for the fractional Bergman operators. Finally,
we provide some weighted norm estimates for the above fractional maximal
function, we prove that some of these estimates are sharp.
2. Statement of the results
Let α > −1 and let ω be a weight. For any subset E of H, we use the
notation |E|ω,α :=
∫
E ω(z)dVα(z). When ω = 1, we simply write |E|α. Let
us recall that for any interval I ⊂ R, its associated Carleson square QI is
the set
QI := {z = x+ iy ∈ C : x ∈ I and 0 < y < |I|}.
Let α > −1, and 1 < p < ∞. Given a weight ω, we say ω is in the
Be´kolle`-Bonami class Bp,α, if the quantity
[ω]Bp,α := sup
I⊂R
(
1
|QI |α
∫
QI
ω(z)dVα(z)
)(
1
|QI |α
∫
QI
ω(z)1−p
′
dVα(z)
)p−1
is finite. This is the exact range of weights ω for which the orthogonal pro-
jection Pα from L
2(H, dVα(z)) onto its closed subspace consisting of analytic
functions is bounded on Lp(H, ωdVα) (see [1, 2, 10]). For p = ∞, we say
ω ∈ B∞,α, if
[ω]B∞,α := sup
I⊂R
1
|QI |ω,α
∫
QI
Mα(ωχQI )dVα(z) <∞.
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2.1. Some weak inequalities. Our first result gives some elementary (un-
weighted) inequalities for the fractional maximal function.
THEOREM 2.1. Let α > −1, and 0 ≤ γ < 2 + α. Then the following hold.
(a) For any λ > 0, there exists a positive constant C such that
(4) |{z ∈ H :Mα,γf(z) > λ}|α ≤ C
(
1
λ
∫
H
|f(z)|dVα(z)
) 2+α
2+α−γ
.
(b)
sup
z∈H
Mα,γf(z) ≤ ‖f‖ 2+α
γ
,α
where for γ = 0, ‖f‖ 2+α
γ
,α is understood as ‖f‖∞.
It follows from the above result and Marcinkiewicz interpolation theorem
that the following holds.
COROLLARY 2.2. Let α > −1, and 0 ≤ γ < 2 + α. Then H : Mα,γ is
bounded from Lp(H, dVα) to L
q(H, dVα), for 1 < p <
2+α
γ and
1
p −
1
q =
γ
2+α .
Our next result provides weak-type estimates.
THEOREM 2.3. Let 1 ≤ p ≤ q <∞, α > −1 and 0 ≤ γ < 2 + α. Let ω be
a weight on H. Then the following assertions are equivalent.
(a) There is a constant C1 > 0 such that for any f ∈ L
p(H, ωdVα), and
any λ > 0,
(5) µ({z ∈ H :Mα,γf(z) > λ}) ≤
C1
λq
(∫
H
|f(z)|pω(z)dVα(z)
)q/p
(b) There is a constant C2 > 0 such that for any interval I ⊂ R,
(6) |QI |
q( γ
2+α
− 1
p
)
α
(
1
|QI |α
∫
QI
ω1−p
′
(z)dVα(z)
)q/p′
µ(QI) ≤ C2
where
(
1
|QI |α
∫
QI
ω1−p
′
(z)dVα(z)
)1/p′
is understood as (infQI ω)
−1
when p = 1.
(c) There exists a constant C3 > 0 such that for any locally integrable
function f and any interval I ⊂ R,
(7)
 1
|QI |
1− γ
2+α
α
∫
QI
|f(z)|dVα(z)


q
µ(QI) ≤ C3
(∫
QI
|f(z)|pω(z)dVα(z)
)q/p
.
2.2. Strong inequalities. We also observe the following Sawyer-type char-
acterization.
THEOREM 2.4. Let 1 < p ≤ q <∞, α > −1, and 0 ≤ γ < 2 + α. Let µ be
a positive measure and σ a weight on H. Then the following are equivalent.
(a) There exists a positive constant C1 such that
(8)
(∫
H
(Mα,γ(σf)(z))
q dµ(z)
)1/q
≤ C1
(∫
H
|f(z)|pσ(z)dVα(z)
)1/p
.
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(b) There is a positive constant C2 such that for any interval I ⊂ R,
(9)
(∫
H
(Mα,γ(χQIσ)(z))
q dµ(z)
)1/q
≤ C2|QI |
1/p
σ,α .
Moreover,
‖Mα,γ(σf)‖Lqdµ ≃ sup
I⊂R
((∫
H (Mα,γ(χQIσ)(z))
q dµ(z)
)1/q
|QI |
1/p
σ,α
)
.
We have the following result for the strong inequality.
THEOREM 2.5. Let α > −1, 1 < p ≤ q <∞, and and 0 ≤ γ < 2 + α. Let
µ be a positive measure and σ a weight on H. Assume that σ ∈ B∞,α. Then
the following assertions are equivalent.
(i) There exists a constant C1 > 0 such that for any f ∈ L
p(H, σdVα),
(10)
(∫
H
(Mα,γσ(z)f(z))
q dµ(z)
)1/q
≤ C1‖f‖p,σ,α.
(ii) There is a constant C2 such that
(11) [σ, µ]p,q.α,γ := sup
I⊂R
|QI |
−q(1− γ
2+α
)
α µ(QI)|QI |
q
p′
σ,α ≤ C2.
Moreover,
‖Mα,γ(σf)‖Lqdµ ≤ ([σ, µ]p,q.α,γ)
1/q[σ]
1/p
B∞,α
‖f‖p,σ,α.
2.3. Bump-condtion for the fractional operators. Recall that a func-
tion from [0,∞) to itself is a Young function if it is continuous, convex and
increasing, and satisfies Φ(0) = 0 and Φ(t)→∞ as t→∞.
Given a Young function Φ, we say it satisfies the ∆2 (or doubling) condi-
tion, if there exists a constant K > 1 such that, for any t ≥ 0,
(12) Φ(2t) ≤ KΦ(t).
Let Φ be a Young function, and α > −1. For any interval I ⊂ R, define
LΦ(QI , |QI |
−1
α dVα) to be the space of all functions f such that
1
|QI |α
∫
QI
Φ (|f(z)|) dVα(z) <∞.
We define on LΦ(QI , |QI |
−1
α dVα) the following Luxembourg norm
‖f‖QI ,Φ,α := inf{λ > 0 :
1
|QI |α
∫
QI
Φ
(
|f(z)|
λ
)
dVα(z) ≤ 1}.
When Φ(t) = tp, 1 ≤ p <∞, LΦ(QI , |QI |
−1
α dVα) is just L
p(QI , |QI |
−1
α dVα) in
which case ‖f‖QI ,Φ,α is just replaced by
(
1
|QI |α
∫
QI
|f(z)|pdVα(z)
)1/p
. Then
the maximal function MΦ,α is defined as
MΦ,αf(z) := sup
I⊂R,z∈QI
‖f‖QI ,Φ,α.
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We recall that the complementary function Ψ of the Young function Φ, is
the function defined from R+ onto itself by
(13) Ψ(s) = sup
t∈R+
{ts− Φ(t)}.
Let 1 < p < ∞. We say a Young function Φ belongs to the class Bp, if it
satisfies the ∆2 condition and there is a positive constant c such that
(14)
∫ ∞
c
Φ(t)
tp
dt
t
<∞.
The following result provides a sufficient condition for the off-diagonal bound-
edness of the maximal function Mα,γ .
THEOREM 2.6. Let α > −1, 1 < p ≤ q < ∞ and 0 ≤ γ < 2 + α. Let
Φ ∈ Bp and denote by Ψ its complementary function. Assume that ω is a
weight and µ is a positive Borel measure on H such that there is a positive
constant C for which for any interval I ⊂ R,
(15) |QI |
q( γ
2+α
− 1
p
)
α ‖ω
−1‖qQI ,Ψ,αµ(QI) ≤ C.
Then there is a positive constant K such that for any f ∈ Lp(H, ωdVα),
(16)
(∫
H
(Mα,γf(z))
q dµ(z)
)1/q
≤ K‖fω‖p,α.
Conditions of type (15) are known as bump-conditions. The above result
is used to prove the following sufficient condition for the boundedness of the
fractional Bergman operator.
THEOREM 2.7. Suppose α > −1, 0 ≤ γ < 2 + α, and 1 < p ≤ q < ∞.
Let Φ and Ψ be two Young functions whose complementary functions are
respectively in Bp and Bq′ . Assume that ω and σ are weights on H such
that there is positive constant C for which for any interval I ⊂ R,
(17) |QI |
γ
2+α
+ 1
q
− 1
p
α ‖ω‖QI ,Ψ,α‖σ
−1‖QI ,Φ,α ≤ C.
Then there is a positive constant K such that for any f ∈ Lp(H, σdVα),
(18)
(∫
H
(ω(z)Tα,γf(z))
q dVα(z)
)1/q
≤ K‖fσ‖p,α.
2.4. Some weighted norm inequalities for Mα,γ. Let 1 < p, q < ∞,
α > −1, and 0 ≤ γ < 2 + α. We introduce the classes Ap,q,α, Cp,q,α, and
Sp,q,α of pairs of weights. We say the pair of weights (σ, ω) belongs to Ap,q,α,
if
(19) [σ, ω]Ap,q,α :=
|QI |
p/q
ω,α|QI |
p/p′
σ,α
|QI |
p(1− γ
2+α
)
α
<∞.
We say the pair of weights (σ, ω) belongs to Cp,q,α, if
(20) [σ, ω]Cp,q,α := sup
I⊂R
|QI |
γ
2+α
−1
α
(∫
QI
ωdVα
)1/q (∫
QI
σ−p
′
dVα
)1/p′
<∞.
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We say the pair of weights (σ, ω) belongs to Sp,q,α, if
(21)
[σ, ω]Sp,q,α := sup
I⊂R
|QI |
p/q
ω,α|QI |
p
σ,α
|QI |
p(1− γ
2+α
)+1
α
(
exp
(
1
|QI |α
∫
QI
log σ−1dVα
))
<∞.
For corresponding classes in the real case, we refer to [6, 8, 12]. We have
the following norm inequalities.
THEOREM 2.8. Let 1 < p ≤ q <∞, α > −1, and 0 ≤ γ < 2 + α. Let σ, ω
be weights. Put u = σ−p
′
. Then
(22) ‖Mα,γσf‖q,ω,α . ([σ, ω]Ap,q,α)
1/p[σ]
1/p
B∞,α
‖f‖p,σ,α,
(23) ‖Mα,γf‖q,ω,α . [σ, ω]Cp,q,α [u]
1
p
B∞,α
‖σf‖p,α,
and
(24) ‖Mα,γσf‖q,ω,α . ([σ, ω]Sp,q,α)
1/p‖f‖p,σ,α.
It is possible to improve (23) as follows.
THEOREM 2.9. Let α > −1, 0 ≤ γ < 2 + α, and 1 < p ≤ q <∞. Let σ, ω
be weights and put u = σ−p
′
. Then
(25) ‖Mα,γf‖q,ω,α . [σ, ω]Cp,q,α [u]
1
q
B∞,α
‖σf‖p,α.
In particular, when σ = ω, writing
[ω]Bp,q,α := sup
I⊂R
(
1
|QI |α
∫
QI
ωqdVα
)(
1
|QI |α
∫
QI
ω−p
′
dVα
)q/p′
,
we obtain the following which is sharp.
PROPOSITION 2.10. Let α > −1, 0 ≤ γ < 2 + α, and 1 < p < 2+αγ .
Suppose q is defined by the relation 1q =
1
p −
γ
2+α . Let ω be weights and put
u = ω−p
′
. Then
(26) ‖ωMα,γf‖q,α . [ω]
1
q
Bp,q,α
[u]
1
q
B∞,α
‖ωf‖p,α,
and this is sharp.
We also have the following estimate.
THEOREM 2.11. Let α > −1, 0 ≤ γ < 2 + α, and 1 < p < 2+αγ . Suppose
q is defined by the relation 1q =
1
p −
γ
2+α . If ω ∈ Bp,q,α, then
(27) ‖ωMα,γf‖q,α ≤ ([ω]Bp,q,α)
p′
q
(1− γ
2+α
)‖ωf‖p,α.
Moreover, the exponent p
′
q (1−
γ
2+α ) is sharp.
Taking p = q, and putting ω = σ1/p, we obtain the following (see also
[10]).
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COROLLARY 2.12. Let α > −1, and 1 < p <∞. Then
(28) ‖σ1/pMαf‖p,σ,α ≤ [σ]
p
p′
Bp,α
‖σ1/pf‖p,α.
To prove the sufficient part in the above theorems, we will observe that
the matter can be reduced to the case of the dyadic analogue of the cor-
responding operators. We then appeal to analogues of techmiques of real
harmonic analysis: discritizing integrals using appropriate level sets, Car-
leson embeddings and some others (see for example [3, 4, 5, 11, 12] for some
of these techniques). We particularly take advantage of the nice properties
of the upper-halve of Carleson squares.
Given two positive quantities A and B, the notation A . B (resp. B . A)
will mean that there is an universal constant C > 0 such that A ≤ CB (resp.
B ≤ CA). When A . B and B . A, we write A ⋍ B.
3. Useful observations and results
Given an interval I ⊂ R, the upper-half of the Carleson box QI associated
to I is the subset TI defined by
TI := {z = x+ iy ∈ C : x ∈ I, and
|I|
2
< y < |I|}.
Note that |QI |α ⋍ |TI |α. We consider the following system of dyadic grids,
Dβ := {2j
(
[0, 1) +m+ (−1)jβ
)
: m ∈ Z, j ∈ Z}, for β ∈ {0, 1/3}.
When β = 0, we observe that D0 is the standard dyadic grid of R, denoted
D. We recall with [10] that given an interval I ⊂ R, there is a dyadic interval
J ∈ Dβ for some β ∈ {0, 1/3} such that I ⊆ J and |J | ≤ 6|I|. It follows
that for any locally integrable function f ,
(29) Mα,γf(z) ≤ C
∑
β∈{0,1/3}
Md,βα,γf(z), z ∈ H
where Md,βα,γ is defined as Mα,γ but with the supremum taken only over
dyadic intervals of the dyadic grid Dβ.
DEFINITION 3.1. Let α > −1 and ω be a positive weight. For any δ ≥
1, a sequence of positive numbers {λQI}I∈Dβ is called a (ω,α, δ)-Carleson
sequence, if there is a constant C > 0 such that for any J ∈ Dβ,
∑
I⊆J, I∈Dβ
λQI ≤ C|QJ |
δ
ω,α.
The smallest constant C in the above definition is called the Carleson
constant of the sequence.
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It is easy to check that for any ω ∈ B∞,α, the sequence {|QI |ω,α}I∈Dβ is
a (ω,α, 1)-Carleson sequence. Indeed, we have
∑
I⊆J, I∈Dβ
|QI |ω,α =
∑
I⊆J, I∈Dβ
|QI |ω,α
|QI |α
|QI |α
≃
∑
I⊆J, I∈Dβ
|QI |ω,α
|QI |α
|TI |α
≤
∑
I⊆J, I∈Dβ
∫
TI
|QI |ω,α
|QI |α
dVα(z)
≤
∑
I⊆J, I∈Dβ
∫
TI
Mα(χQJω)dVα(z)
=
∫
QJ
Mα(χQJω)dVα(z)
≤ [ω]B∞,α |QJ |ω,α.
Let f ∈ L1(H, dVα) and σ a weight. Define the weighted fractional maximal
function Mσ,α,γ as follows:
(30) Mσ,α,γf := sup
I⊂R
χQI
|QI |
1− γ
2+α
σ,α
∫
QI
|f(z)|σ(z)dVα(z).
The proof of the following Carleson embedding follows as in [12].
THEOREM 3.2. Let α > −1, and 0 ≤ γ < 2 + α. Let ω be a weight on H
and s ≥ 1. Assume {λQI}I∈Dβ is a sequence of positive numbers. If there
exists some constant A > 0 such that for any interval J ∈ Dβ,∑
I⊆J,I∈Dβ
λQI ≤ A|QJ |
s
ω,α,
then for any p ∈ (1,∞),
∑
I,I∈Dβ
λQI

 1
|QI |
1− γ
2+α
ω,α
∫
QI
|f(z)|ω(z)dVα(z)


ps
≤ Aγ
(∫
H
(Md,βω,α,γf(z))
pω(z)dVα(z)
)s
.
We will also need the following lemma which proof is essentially the same
as in the case γ = 0 in [3].
LEMMA 3.3. Let 1 ≤ p, q < ∞ and suppose that ω is a weight, and µ a
positive measure on H. Then the following assertions are equivalent.
(i) There exists a constant C1 > 0 such that for any interval I ⊂ R,
(31) |QI |
q( γ
2+α
− 1
p
)
(
1
|QI |α
∫
QI
ω1−p
′
(z)dVα(z)
)q/p′
µ(QI) ≤ C1
where
(
1
|QI |α
∫
QI
ω1−p
′
(z)dVα(z)
)1/p′
is understood as (infQI ω)
−1
when p = 1.
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(ii) There exists a constant C2 > 0 such that for any locally integrable
function f and any interval I ⊂ R,
(32)
 1
|QI |
1− γ
2+α
α
∫
QI
|f(z)|dVα(z)


q
µ(QI) ≤ C2
(∫
QI
|f(z)|pω(z)dVα(z)
)q/p
.
4. Proof of the results
4.1. Proof of Theorem 2.1. We start with the following level sets embed-
ding. The proof follows exactly as in case γ = 0 (see [3, Lemma 3.4.])
LEMMA 4.1. Let f be a locally integrable function. Then for any λ > 0,
(33) {z ∈ H :Mα,γf(z) > λ} ⊂ {z ∈ H :M
d,β
α,γf(z) >
λ
Cα,γ
}
where Cα,γ = 2
2+α−γ(1 + 24+2α−2γ).
Proof of Theorem 2.1. Let us start by proving (b). Recall that when γ = 0,
Mα,γ = Mα, and ‖Mα‖∞ ≤ ‖f‖∞. Next assume that γ 6= 0. For z ∈ H,
let QI be a Carleson square containing z. Then
1
|I|2+α−γ
∫
QI
|f(w)|dVα(w) ≤
1
|QI |
1− γ
2+α
α
‖f‖ 2+α
γ
,α
(∫
QI
dVα(w)
)1− γ
2+α
=
1
|QI |
1− γ
2+α
α
‖f‖ 2+α
γ
,α|QI |
1− γ
2+α
α
= ‖f‖ 2+α
γ
,α.
To prove the inequality (4), it is enough by Lemma 4.1 to prove the same
inequality with Mα,γ replaced by M
d,β
α,γ . It is then enough to prove the
following.
PROPOSITION 4.2. Let α > −1, and 0 ≤ γ < 2+α. Assume σ is a weight.
Then for any λ > 0, there exists a positive constant C such that
(34) |{z ∈ H :Md,βσ,α,γf(z) > λ}|σ,α ≤ C
(
1
λ
∫
H
|f(z)|σ(z)dVα(z)
) 2+α
2+α−γ
.
Proof. Put
Ed,βλ := {z ∈ H :M
d,β
σ,α,γf(z) > λ}.
Then following usual arguments, Ed,βλ =
⋃
I QI where (QI)I∈Dβ is a family
of maximal Carleson squares. In particular, if z ∈ Ed,βλ , then there is an
interval I ⊂ Dβ such that z ∈ QI and
1
|QI |
1− γ
2+α
σ,α
∫
QI
|f(w)|σ(w)dVα(w) > λ,
that is
|QI |σ,α ≤
(
1
λ
∫
QI
|f(w)|σ(w)dVα(w)
) 2+α
2+α−γ
.
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Hence
M := |{z ∈ H :Mdσ,α,γf(z) > λ}|σ,α
≤ |Ed,βλ |σ,α ≤
∑
I
|QI |σ,α
≤
∑
I
(
1
λ
∫
QI
|f(w)|σ(w)dVα(w)
) 2+α
2+α−γ
≤
(
1
λ
∑
I
∫
QI
|f(w)|σ(w)dVα(w)
) 2+α
2+α−γ
≤
(
1
λ
∫
{z∈H:Md,βσ,α,γf(z)>λ}
|f(w)|σ(w)dVα(w)
) 2+α
2+α−γ
≤
(
1
λ
∫
H
|f(w)|σ(w)dVα(w)
) 2+α
2+α−γ

The proof is complete. 
We observe that from the above discussion and Marcinkiewicz interpola-
tion theorem one has the following useful result.
COROLLARY 4.3. Let α > −1, 0 ≤ γ < 2 + α, and let σ be a weight.
Assume that q is such that 1p −
1
q =
γ
2+α . Then there exists a constant
C = C(p, α, γ) such that
(35)
(∫
H
(Md,βσ,α,γf(z))
qσ(z)dVα(z)
)1/q
≤ C
(∫
H
|f(z)|pσ(z)dVα(z)
)1/p
We specify the constant for Mα,γ .
PROPOSITION 4.4. Let α > −1. If 0 ≤ γ < 2 + α, 1 < p < 2+αγ , and
1
q =
1
p −
γ
2+α , then
(36)(∫
H
(Mα,γf(z))
qdVα(z)
)1/q
≤
(
(1 +
p′
q
)Cα,γ
)1− γ
2+α
(∫
H
|f(z)|pdVα(z)
)1/p
where Cα,γ is the constant in (33).
Proof. From Lemma 4.1 and the proof of Theorem 2.1, we have
|{z ∈ H :Mα,γf(z) > λ}|α ≤
(
1
λ
∫
{z∈D:Md,βα,γf(z)>
λ
Cα,γ
}
|f(w)|dVα(w)
) 2+α
2+α−γ
.
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Thus
L :=
∫
H
(Mα,γf(z))
qdVα(z)
=
∫ ∞
0
qλq−1|{z ∈ H :Mα,γf(z) > λ}|αdλ
≤
∫ ∞
0
qλq−1
(
1
λ
∫
{z∈D:Md,βα,γf(z)>
λ
Cα,γ
}
|f(w)|dVα(w)
) 2+α
2+α−γ
dλ
≤

∫
H
|f(z)|
(∫ Cα,γMα,γf(z)
0
λq−
2+α
2+α−γ
−1dλ
) 2+α−γ
2+α
dVα(z)


2+α
2+α−γ
≤
qCα,γ
q − 2+α2+α−γ
(∫
H
|f(z)|(Mα,γf(z))
q
p′ dVα(z)
) 2+α
2+α−γ
≤
qCα,γ
q − 2+α2+α−γ
(∫
H
|f(z)|pdVα(z)
) 2+α
p(2+α−γ)
(∫
H
(Mα,γf(z))
qdVα(z)
) 2+α
2+α−γ
1
p′
.
That is(∫
H
(Mα,γf(z))
qdVα(z)
)1− 2+α
2+α−γ
1
p′
≤
qCα,γ
q − 2+α2+α−γ
(∫
H
|f(z)|pdVα(z)
) 2+α
p(2+α−γ)
,
which is equivalent to(∫
H
(Mα,γf(z))
qdVα(z)
)1/q
≤
(
p′ + q
q
Cα,γ
) 1
p′
+ 1
q
(∫
H
|f(z)|pdVα(z)
)1/p
.
The proof is complete. 
4.2. Proof of Theorem 2.3. Let us prove Theorem 2.3.
Proof of Theorem 2.3. Let us note that by Lemma 3.3, (b) ⇔ (c). Let us
prove that (a)⇔ (c).
Let f be a locally integrable function and I an interval. Fix λ such that
0 < λ <
1
|QI |
1− γ
2+α
α
∫
QI
|f(z)|dVα(z).
Then
QI ⊂ {z ∈ H :Mα,γ(χQIf) > λ)}.
It follows from the latter and (5) that
µ(QI) ≤
C
λq
(∫
QI
|f(z)|pω(z)dV (z)
)q/p
.
As this happens for all λ > 0, it follows in particular that
µ(QI)

 1
|QI |
1− γ
2+α
α
∫
QI
|f(z)|dVα(z)


q
≤ C
(∫
QI
|f(z)|pω(z)dV (z)
)q/p
.
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Next suppose that (7) holds. We observe with Lemma 4.1 that to obtain
(5), we only have to prove the following
(37) µ
(
{z ∈ D :Md,βα,γf(z) >
λ
Cα,γ
}
)
≤
C
λq
‖f‖qp,ω,α.
We recall that
{z ∈ H :Md,βα,γf(z) >
λ
Cα,γ
} = ∪j∈N0QIj
where the Ijs are maximal dyadic intervals (in D
β) with respect to the
inclusion and such that
1
|QIj |
1− γ
2+α
α
∫
QIj
|f |dVα >
λ
Cα,γ
.
Our hypothesis provides in particular that
µ(QIj) ≤ C

 |QI |1−
γ
2+α
α∫
QIj
|f |dVα


q (∫
QIj
|f |pωdVα
)q/p
.
Thus
µ
(
{z ∈ H :Md,βα,γf(z) >
λ
Cα,γ
}
)
=
∑
j
µ(QIj)
≤ C
∑
j

 |QI |1−
γ
2+α
α∫
QIj
|f |dVα


q(∫
QIj
|f |pωdVα
)q/p
≤
(
Cα,γ
λ
)q∑
j
(∫
QIj
|f |pωdVα
)q/p
≤
(
Cα,γ
λ
)q∑
j
∫
QIj
|f |pωdVα


q/p
≤
(
Cα,γ
λ
)q (∫
H
|f(z)|pω(z)dVα(z)
)q/p
=
(
Cα,γ
λ
)q
‖f‖qp,ω,α.
The proof is complete. 
Taking dµ(z) = σ(z)dV (z), we obtain the following corollary.
COROLLARY 4.5. Let α > −1, 0 ≤ γ < 2 + α, and 1 ≤ p ≤ q < ∞. Let
ω, σ be two weights on H. Then the following assertions are equivalent.
(a) There is a constant C1 > 0 such that for any f ∈ L
p
ω(H), and any
λ > 0,
(38) |{z ∈ H :Mα,γf(z) > λ}|σ,α ≤
C1
λq
(∫
H
|f(z)|pω(z)dVα(z)
)q/p
MAXIMAL FUNCTIONS AND FRACTIONAL BERGMAN OPERATORS 13
(b) There is a constant C2 > 0 such that for any interval I ⊂ R,
(39)
|QI |
γ
2+α
+1/q−1/p
α
(
1
|QI |α
∫
QI
ω1−p
′
(z)dVα(z)
)1/p′ ( 1
|QI |α
∫
QI
σ(z)dVα(z)
)1/q
≤ C2
where
(
1
|QI |α
∫
QI
ω1−p
′
(z)dVα(z)
)1/p′
is understood as (infQI ω)
−1
when p = 1.
4.3. Proof of Theorem 2.4. The proof of Sawyer-type characterization
for the maximal functions is a routine. We adopt the classical proof here
(see for example [12]).
Proof of Theorem 2.4. That (a)⇒ (b) follows by taking f = χQI in (8).
To prove that (b)⇒ (a), it is enough by the observations made in the last
section, to prove that under (9), for any β = 0, 13 , there is a positive constant
C such that for any function f ,
(40)
∫
H
(Md,βα,γ(σf)(z))
qdµ(z) ≤ C
(∫
H
|f(z)|pσ(z)dVα(z)
)q/p
Let us prove (40): let a ≥ 22+α−γ . To each integer k, we associate the set
Ωk := {z ∈ H : a
k <Md,βα,γ(σf)(z) ≤ a
k+1}.
Then we have that Ωk ⊂
⋃∞
j=1Q
k
Ij
where Ij ∈ D
β and {QkIj}j≥1 is a family
of dyadic Carleson square which is maximal with respect to the inclusion
and such that
22+α−γak >
1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|f(z)|σ(z)dVα(z) > a
k.
Define E(QkIj ) := Q
k
Ij
∩ Ωk. Then Ωk =
⋃∞
j=1Ek,j and the Ek,j are disjoint
for all k and j, that is Ek,j ∩ El,m = ∅ for (k, j) 6= (l,m). It follows that
L :=
∫
Rn
(
Md,βα,γ(σf)(z)
)q
dµ(z)
=
∑
k
∫
Ωk
(
Md,βα,γ(σf)(z)
)q
dµ(z)
≤ aq
∑
k
akqµ(Ωk)
≤ aq
∑
k,j
akqµ(E(QkIj ))
≤ aq
∑
k,j

 1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|f(z)|σ(z)dVα(z)


q
µ(E(QkIj ))
= aq
∑
k,j

 1
|QkIj |σ,α
∫
Qk
Ij
|f(z)|σ(z)dVα(z)


q
µ(E(QkIj ))|Q
k
Ij
|qσ,α
|QkIj |
q(1− γ
2+α
)
α
≤ C
(∫
H
|f(z)|pσ(z)dVα(z)
)q/p
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provided the sequence
λQI :=


µ(E(QI))|QI |
q
σ,α
|QI |
q(1−
γ
2+α )
α
if QI = Q
k
Ij
for some (k, j),
0 otherwise.
is a (σ, α, qp)-Carleson sequence. Using (9),we obtain for any J ∈ D
β
∑
I⊆J, I∈Dβ
λQI =
∑
I⊆J, I∈Dβ
µ(E(QI))|QI |
q
σ,α
|QI |
q(1− γ
2+α
)
α
=
∑
I⊆J, I∈Dβ

 1
|QI |
1− γ
2+α
α
|QI |σ,α


q
µ(E(QI))
≤
∑
I⊆J, I∈Dβ

 1
|QI |
1− γ
2+α
α
∫
QI
χQJ (z)σ(z)dVα(z)


q
µ(E(QI))
≤
∑
I⊆J, I∈Dβ
∫
E(QI)
(Md,βα,γ(σχQJ )(z))
qdµ(z)
=
∫
QJ
(Md,βα,γ(σχQJ )(z))
qdµ(z)
≤ C|QJ |
q/p
σ,α.
That is {λQI}i∈Dβ is a (σ, α,
q
p)-Carleson sequence. The proof is complete.

4.4. Proof of Theorem 2.5. First suppose that (10) holds and observe
that for any interval I ⊂ R, |QI |σ,α
|QI |
1−
γ
2+α
α
≤Mα,γ(σχQI )(z) for any z ∈ QI . It
follows that
 |QI |qσ,α
|QI |
q(1− γ
2+α
)
α
µ(QI)


1/q
≤
(∫
H
(Mα,γ(σχQI )(z))
q dµ(z)
)1/q
≤ C1‖χQI‖p,σ,α = |QI |
1/p
σ,α
which provides that for any interval I ⊂ R,
|QI |
−q(1− γ
2+α
)
α µ(QI)|QI |
q
p′
σ,α ≤ C1.
That is (11) holds.
To prove that (ii) ⇒ (i), it is enough by the observations made at the
beginning of the previous section to prove the following.
LEMMA 4.6. Let α > −1, 0 ≤ γ < 2 + α, and 1 < p ≤ q < ∞. Assume
that µ is positive Borel measure on H and σ is a weight in the class B∞,α
such that (11) holds. Then there is a positive constant C such that for any
function f , and any β ∈ {0, 13},
(41)
(∫
H
(Md,βα,γ(σf)(z))
qdµ(z)
)1/q
≤ C
(∫
H
|f(z)|pσ(z)dVα(z)
)1/p
.
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Proof. Let a ≥ 22+α−γ . To each integer k, we associate the set
Ωk := {z ∈ H : a
k <Md,βα,γ(σf)(z) ≤ a
k+1}.
We observe that Ωk ⊂ ∪
∞
j=1Q
k
Ij
, where QkIj (Ij ∈ D
β) is a dyadic cube
maximal (with respect to the inclusion) such that
1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|(σf)(z)|dVα(z) > a
k.
Following the same reasoning as in the proof of the inequality (40), we obtain
L :=
∫
H
(Md,βα,γ(σf)(z))
qdµ(z)
=
∑
k
∫
Ωk
(Md,βα,γ(σf)(z))
qdµ(z)
≤ aq
∑
k,j

 1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|(σf)(z)|dVα(z)


q
µ(QkIj)
. aq
∑
k,j

 1
|QkIj |σ,α
∫
Qk
Ij
|(σf)(z)|dVα(z)


q
|QkIj |
−q(1− γ
2+α
)
α µ(Q
k
Ij)|Q
k
Ij |
q
σ,α
. [σ, µ]p,q,α,γa
q
∑
k,j

 1
|QkIj |σ,α
∫
Qk
Ij
|(σf)(z)|dVα(z)


q
|QkIj |
q/p
σ,α
≤ C[σ, µ]p,q,α,γ
(∫
H
|f(z)|pσ(z)dVα(z)
)q/p
provided the sequence
λQI :=
{
|QkIj |
q/p
σ,α if QI = Q
k
Ij
for some (k, j),
0 otherwise.
is a (σ, α, qp)-Carleson sequence. We have seen in the previous section that
for σ ∈ B∞,α, {|QI |σ,α}I∈Dβ was a (σ, α, 1)-Carleson sequence with Carleson
constant [ω]B∞,α . Thus {|QI |
q/p
σ,α}I∈Dβ is a (σ, α,
q
p)-Carleson sequence with
constant [ω]
q/p
B∞,α
. The proof is complete.

Taking dµ(z) = ω(z)dVα(z) where ω is a weight, we obtain the following
corollary.
COROLLARY 4.7. Let 1 < p ≤ q < ∞, and ω, σ be two weights on H.
Assume that σ ∈ B∞,α. Then the following assertions are equivalent.
(i) There exists a constant C1 > 0 such that for any f ∈ L
p
ω(H),
(42)
(∫
H
(Mα,γ(σf)(z))
q ω(z)dVα(z)
)1/q
≤ C1‖f‖p,σ,α.
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(ii) There is a constant C2 > 0 such that for any interval I ⊂ R,
(43)
|QI |ω,α|QI |
q/p′
σ,α
|QI |
q(1− γ
2+α
)
α
≤ C2
Moreover,
‖Mα,γσf‖q,ω,α ≤ ([σ, ω]Ap,q,α)
1/p[σ]
1/p
B∞,α
‖f‖p,σ,α.
4.5. Proof of Theorem 2.6. Let Ψ be the complementary function of the
Young function Φ. Recall the following generalized Ho¨lders’s inequality:
(44)
1
|QI |α
∫
QI
|(fg)(z)|dVα(z) ≤ ‖f‖QI ,Φ,α‖g‖QI ,Ψ,α
We recall the following result (see [14]).
LEMMA 4.8. Let α > −1, 1 < p < ∞.. Then there is a positive constant
C such that for any function f ,
(45)
(∫
H
(MΦ,αf(z))
p dµ(z)
)1/p
≤ C
(∫
H
|f(z)|pdVα(z)
)1/p
Proof of Theorem 2.6. As above, to establish the inequality (16), we only
need to prove that the same inequality holds with Mα,γ replaced by the
dyadic maximal function Md,βα,γ , β ∈ {0, 1/3}. Once again, for each integer
k, we define the set
Ωk := {z ∈ H : a
k <Md,βα,γ(f)(z) ≤ a
k+1}.
We already know that Ωk ⊂ ∪
∞
j=1Q
k
Ij
, where QkIj (Ij ∈ D
β) is a dyadic cube
maximal (with respect to the inclusion) such that
1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|f(z)|dVα(z) > a
k.
Following the same reasoning as in the proof of Theorem 2.5 , we first obtain
L :=
∫
H
(Md,βα,γf(z))
qdµ(z)
≤ aq
∑
k,j

 1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|f(z)|dVα(z)


q
µ(QkIj)
. aq
∑
k,j

 1
|QkIj |α
∫
Qk
Ij
|f(z)|dVα(z)


q
|QkIj |
qγ
2+α
α µ(Q
k
Ij).
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Now using (44) and (15), we obtain
L . aq
∑
k,j

 1
|QkIj |α
∫
Qk
Ij
|(ωf)(z)|ω−1(z)dVα(z)


q
|QkIj |
qγ
2+α
α µ(Q
k
Ij)
≤ aq
∑
k,j
‖fω‖q
Qk
Ij
,Φ,α
‖ω−1‖q
Qk
Ij
,Ψ,α
|QkIj |
qγ
2+α
α µ(Q
k
Ij)
≤ C
∑
k,j
‖fω‖q
Qk
Ij
,Φ,α
|QkIj |
q
p
α .
Finally, using Lemma 4.8 and writing T kIj for the upper-half of the square
QkIj , we obtain
L ≤ C

∑
k,j
‖fω‖p
Qk
Ij
,Φ,α
|QkIj |α


q
p
≤ C

∑
k,j
∫
T k
Ij
‖fω‖p
Qk
Ij
,Φ,α
dVα(z)


q
p
≤ C
(∫
H
(MΦ,α(ωf)(z))
pdVα(z)
) q
p
≤ C
(∫
H
|(ωf)(z)|pdVα(z)
)q/p
.
The proof is complete. 
It is easy to see that for 1 < p < ∞, and r > 1, Φ(t) = t(p
′r)′ is in the
class Bp. Thus we derive the following.
COROLLARY 4.9. Let α > −1, 0 ≤ γ < 2 + α, and 1 < p ≤ q < ∞.
Assume that ω a weight and µ a positive Borel measure on H such that for
some r > 1, there is positive constant C for which for any interval I ⊂ R
(46) |QI |
q( γ
2+α
− 1
p
)
α
(
1
|QI |α
∫
QI
ω−p
′rdVα
)q/p′r
µ(QI) ≤ C.
Then there is a positive constant K such that for any f ∈ Lp(H, ωdVα),
(47)
(∫
H
(Mα,γf(z))
q dµ(z)
)1/q
≤ K‖fω‖p,α.
4.6. Proof of Theorem 2.7. For β ∈ {0, 1/3}, we consider the following
positive operators.
(48) Qβα,γf :=
∑
I∈Dβ
〈f,
χQI
|I|2+α−γ
〉αχQI .
By comparing the positive kernel
K+α (z, w) =
1
|z − w|2+α−γ
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and the box-type kernel
Kβα(z, w) :=
∑
I∈Dβ
χQI (z)χQI (w)
|I|2+α−γ
,
one obtains the following (see [10] for the case γ = 0).
PROPOSITION 4.10. There is a constant C > 0 such that for any f ∈
L1loc(H), f ≥ 0, and z ∈ H,
(49) Tα,γf(z) ≤ C
∑
β∈{0,1/3}
Qβα,γf(z).
We can now prove Theorem 2.7.
Proof of Theorem 2.7. It follows from the above observations that to prove
the inequality (18), it is enough to prove that under (17), the dyadic oper-
ators Qβα,γ are bounded from Lp(H, σpdVα) into L
q(H, ωqdVα).
We are looking to prove that there is a positive constant C such that for
any positive function f and any g ∈ Lq
′
(H, dVα), g ≥ 0,∫
H
(Qβα,γf(z))g(z)ω(z)dVα(z) ≤ C‖σf‖p,α‖g‖q′,α.
We denote by Φ and Ψ, the complementary functions of Φ and Ψ respec-
tively. We have
L :=
∫
H
(Qβα,γf(z))g(z)ω(z)dVα(z)
=
∑
I∈Dβ
1
|QI |
1− γ
2+α
α
(∫
QI
fdVα
)(∫
QI
gωdVα
)
=
∑
I∈Dβ
|QI |
γ
2+α
α
(
1
|QI |α
∫
QI
(σf)σ−1dVα
)(
1
|QI |α
∫
QI
gωdVα
)
|QI |α.
It follows using (44) and (17), that
L ≤
∑
I∈Dβ
|QI |
γ
2+α
α ‖σf‖QI ,Φ,α‖σ
−1‖QI ,Φ,α‖g‖QI ,Ψ,α‖ω‖QI ,Ψ,α|QI |α
≤
∑
I∈Dβ
‖σf‖QI ,Φ,α‖g‖QI ,Ψ,α|QI |
1
p
+ 1
q′
α
≤

∑
I∈Dβ
‖σf‖p
QI ,Φ,α
|QI |α


1/p
∑
I∈Dβ
‖g‖p
′
QI ,Ψ,α
|QI |
p′
q′
α


1/p′
≤

∑
I∈Dβ
‖σf‖p
QI ,Φ,α
|QI |α


1/p
∑
I∈Dβ
‖g‖q
′
QI ,Ψ,α
|QI |α


1/q′
.
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Proceeding as in the last part of the proof of Theorem 2.6 with the help of
Lemma 4.8, we finally obtain
L :=
∫
H
(Qβα,γf(z))g(z)ω(z)dVα(z)
≤

∑
I∈Dβ
‖σf‖p
QI ,Φ,α
|QI |α


1/p
∑
I∈Dβ
‖g‖q
′
QI ,Ψ,α
|QI |α


1/q′
≤ C‖σf‖p,α‖g‖q′,α.
The proof is complete. 
As a corollary, we have the following particular case.
COROLLARY 4.11. Let α > −1, 0 ≤ γ < 2 + α, and 1 < p ≤ q < ∞.
Assume that ω is a weight and µ a positive Borel measure on H such that
for some r > 1, there is positive constant C for which for any interval I ⊂ R
(50) |QI |
γ
2+α
− 1
p
+ 1
q
α
(
1
|QI |α
∫
QI
ω−p
′rdVα
) 1
p′r
(
1
|QI |α
∫
QI
ωqrdVα
) 1
qr
≤ C.
Then there is a positive constant K such that for any f ∈ Lp(H, ωdVα),
(51)
(∫
H
(ω(z)Tα,γf(z))
q dVα(z)
)1/q
≤ K‖fω‖p,α.
4.7. Proof of Theorem 2.8. We start by introducing the following loga-
rithmic maximal function (this is inspired from the definition in [6]):
Mexpα f := sup
I⊂R
exp
(
1
|QI |α
∫
QI
log |f |dVα
)
χQI .
It follows easily from the Jensen’s inequality that
Mexpα f ≤Mαf
consequently, Mexpα is bounded on Lp(H, dVα) for all 1 < p ≤ ∞. This also
holds for small exponents.
LEMMA 4.12. Let 0 < p < ∞ and α > −1. Then there is a positive
constant C = C(p, α) such that
(52) ‖Mexpα f‖p,α ≤ C
1/p‖Mexpα f‖p,α.
Proof. Let 0 < p < q <∞. It is easy to see that
Mexpα f = (M
exp
α |f |
p/q)q/p.
It follows from the observations made above and the boundedness of the
Hardy-Littlewood maximal in Proposition 4.14 that
‖Mexpα f‖p,α := ‖(M
exp
α |f |
p/q)q/p‖p,α
= ‖(Mexpα |f |
p/q)‖q/pq,α
≤ ‖(Mα|f |
p/q)‖q/pq,α
≤ C1/p‖f‖p,α.

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We now prove Theorem 2.8.
Proof of Theorem 2.8. We note that inequality (22) is already given by Corol-
lary 4.7. We then only have to prove (23) and (24). Once more, it is enough
to check the inequality for the corresponding dyadic maximal function. Let
a ≥ 22+α−γ . Let associate to each integer k, we the set
Ωk := {z ∈ H : a
k <Md,βα,γ(σf)(z) ≤ a
k+1}.
We already know that Ωk ⊂ ∪
∞
j=1Q
k
Ij
, where QkIj (Ij ∈ D
β) is a dyadic cube
maximal (with respect to the inclusion) such that
1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|(σf)(z)|dVα(z) > a
k.
We start with the estimate (23): as in the proof of the inequality (41), we
obtain
L :=
∫
H
(Md,βα,γf(z))
qω(z)d(z)
=
∑
k
∫
Ωk
(Md,βα,γf(z))
qω(z)d(z)
≤ aq
∑
k,j

 1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|f(z)|dVα(z)


q
|QkIj |ω,α
. [σ, ω]qCp,q,α
∑
k,j

∫
Qk
Ij
|f(z)|dVα(z)


q
|QkIj |
−q/p′
u,α
. [σ, ω]qCp,q,α
∑
k,j

 1
|QkIj |u,α
∫
Qk
Ij
|(u−1f)(z)|u(z)dVα(z)


q
|QkIj |
q/p
u,α.
Following again the reasoning at the end of the proof of Lemma 4.6, we
obtain that
∫
H
(Md,βα,γf(z))
qω(z)d(z) . [σ, ω]qCp,q,α
(
[u]B∞,α‖u
−1f‖pp,u,α
)q/p
= [σ, ω]qCp,q,α
(
[u]B∞,α‖σf‖
p
p,α
)q/p
.
This completes the proof of the estimate (23).
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Let us now prove (24). Following the same reasoning as above , we obtain
L :=
∫
H
(Md,βα,γ(σf)(z))
qω(z)d(z)
≤ aq
∑
k,j

 1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|(σf)(z)|dVα(z)


q
|QkIj |ω,α
.
∑
k,j

 1
|QkIj |σ,α
∫
Qk
Ij
|(σf)(z)|dVα(z)


q
|QkIj |ω,α|Q
k
Ij
|qσ,α
|QkIj |
q(1− γ
2+α
)
α
. [σ, ω]Sp,q,α
∑
k,j

 1
|QkIj |σ,α
∫
Qk
Ij
|(σf)(z)|dVα(z)


q
|QkIj |
q/p
α
exp

q
p
1
|QkIj |α
∫
Qk
Ij
(log σ)dVα(z)


≤ [σ, ω]
q/p
Sp,q,α

∑
k,j

 1
|QkIj |σ,α
∫
Qk
Ij
|(σf)(z)|dVα(z)


p
λQk
Ij


q/p
.
where the sequence {λQI}I∈Dβ is defined by
λQI :=
{
|QI |α exp
(
1
|QI |α
∫
QI
(log σ)dVα(z)
)
if QI = Q
k
Ij
for some (k, j),
0 otherwise.
It follows from the Carleson embedding Theorem that
L :=
∫
H
(Md,βα,γ(σf)(z))
qω(z)d(z)
≤ C
(∫
H
|f(z)|pσ(z)dVα(z)
)q/p
provide {λQI}I∈Dβ is a (σ, α, 1)-Carleson sequence. Let us check the latter.
For any interval J ∈ Dβ, we have using Lemma 4.12,
S :=
∑
I⊆J,I∈Dβ
|QI |α exp
(
1
|QI |α
∫
QI
(log σ)dVα(z)
)
≃
∑
I⊆J,I∈Dβ
|TI |α exp
(
1
|QI |α
∫
QI
(log σ)dVα(z)
)
=
∑
I⊆J,I∈Dβ
∫
TI
exp
(
1
|QI |α
∫
QI
(log σ)dVα(z)
)
dVα
≤
∑
I⊆J,I∈Dβ
∫
TI
Mexpα (σχQJ )dVα
≤
∫
QJ
Mexpα (σχQJ )dVα
≤ Cα|QJ |σ,α.
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The proof is complete.

4.8. Proof of Theorem 2.9. For the proof of the inequality (25), it is
enough to prove the following.
PROPOSITION 4.13. Let α > −1, 0 ≤ γ < 2 + α, and 1 < p ≤ q < ∞.
Let σ, ω be weights and put u = σ−p
′
. Then
(53) ‖Md,βα,γf‖q,ω,α . [σ, ω]Cp,q,α [u]
1
q
B∞,α
‖σf‖p,α.
Proof. We use the same notations as in the proof of Theorem 2.8. Let θ be
such that 1p −
1
q =
θ
2+α . Then with the squares Q
k
Ij
as above, we obtain
L :=
∫
H
(Md,βα,γf(z))
qω(z)d(z)
.
∑
k,j

 1
|QkIj |
1− γ
2+α
α
∫
Qk
Ij
|f(z)|dVα(z)


q
|QkIj |ω,α
. [σ, ω]qCp,q,α
∑
k,j

∫
Qk
Ij
|f(z)|dVα(z)


q
|QkIj |
−q/p′
u,α
. [σ, ω]qCp,q,α
∑
k,j

 1
|QkIj |
1− θ
2+α
u,α
∫
Qk
Ij
|(u−1f)(z)|u(z)dVα(z)


q
|QkIj |u,α.
As {|QI |u,α}I∈Dβ is a (u, α, 1)-Carleson sequence with Carleson constant
[u]B∞,α , we obtain using Theorem 3.2 and Corollary 4.3 that
L1 :=
∑
k,j

 1
|QkIj |
1− θ
2+α
u,α
∫
Qk
Ij
|(u−1f)(z)|u(z)dVα(z)


q
|QkIj |u,α
≤ [u]B∞,α‖M
d,β
u,α,θ(u
−1f)‖qq,u,α
. [u]B∞,α‖u
−1f‖qp,u,α = [u]B∞,α‖σf‖
q
p,α.
Hence ∫
H
(Md,βα,γf(z))
qω(z)d(z) . [σ, ω]qCp,q,α [u]B∞,α‖σf‖
q
p,α.
The proof is complete.

4.9. Proof of Theorem 2.11. We observe again that to prove the estimate
(27), it is enough to prove the following.
PROPOSITION 4.14. Let α > −1, 0 ≤ γ < 2 + α, and 1 < p < 2+αγ .
Suppose q is defined by the relation 1q =
1
p −
γ
2+α . If ω ∈ Bp,q,α, then
(54) ‖ωMd,βα,γf‖q,α ≤ ([ω]Bp,q,α)
p′
q
(1− γ
2+α
)‖ωf‖p,α.
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Proof of Proposition 4.14. We use an idea from [7]. We recall that for a
weight σ, Mσ,α,γ is the weighted fractional maximal function as defined in
(30). When γ = 0, we write Mσ,α for the corresponding weighted Hardy-
Littlewood maximal function. Let us put u = ωq, and v = ω−p
′
. Define
r = 1+ qp′ and observe that its conjugate exponent is r
′ = 1+ p
′
q = p
′(1− γ2+α).
For any dyadic interval I ⊂ R, we first obtain
S :=
1
|QI |
1− γ
2+α
α
∫
QI
|f |dVα
=

 |QI |u,α|QI |q/p′v,α
|QI |
q
p′
+1
α


r′
q (
|QI |α
|QI |u,α
) r′
q

 1
|QI |
1− γ
2+α
v,α
∫
QI
|f |dVα


≤ ([ω]Bp,q,α)
r′
q
(
|QI |α
|QI |u,α
) r′
q

 1
|QI |
1− γ
2+α
v,α
∫
QI
|v−1f |vdVα


≤ ([ω]Bp,q,α)
r′
q
(
|QI |α
|QI |u,α
) r′
q
Mdv,α,γ(v
−1f)
= ([ω]Bp,q,α)
r′
q
(
|QI |α
|QI |u,α
(Mdv,α,γ(v
−1f))
q
r′
) r′
q
≤ ([ω]Bp,q,α)
r′
q
(
1
|QI |u,α
∫
QI
(Mdv,α,γ(v
−1f))
q
r′ dVα
) r′
q
≤ ([ω]Bp,q,α)
r′
q
(
Mdu,α
(
(Mdv,α,γ(v
−1f))
q
r′ u−1
)) r′
q
Now, using Corollary 4.3, we obtain
‖ωMdα,γf‖q,α = ‖M
d
α,γf‖q,u,α
≤ ([ω]Bp,q,α)
r′
q ‖Mdu,α
(
(Mdv,α,γ(v
−1f))
q
r′ u−1
)
‖
r′/q
r′,u,α
≤ C([ω]Bp,q,α)
r′
q ‖(Mdv,α,γ(v
−1f))
q
r′ u−1‖
r′/q
r′,u,α
= C([ω]Bp,q,α)
r′
q ‖Mdv,α,γ(v
−1f)‖q,v,α
≤ C([ω]Bp,q,α)
r′
q ‖v−1f‖p,v,α = C([ω]Bp,q,α)
r′
q ‖ωf‖p,α.
The proof is complete. 
5. Example
We give examples to show that the constants in (26) and (27) are sharp.
We start with (27): we recall that 0 ≤ γ < 2+α. Fix 0 < ǫ < 1. We consider
ω(z) = |z|
(2+α−ǫ)
p′ . One easily check that ω ∈ Bp,q,α and that [ω]Bp,q,α ≃ ǫ
− q
p′ .
We also consider the function f(z) = |z|ǫ−(2+α)1{z∈H:|z|≤1}. We obtain that
‖ωf‖p,α ≃ ǫ
−1/p.
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Let z ∈ {z ∈ H : |z| ≤ 1}. Then
Mα,γf(z) ≥
1
|z|2+α−γ
∫
{w∈H:|w|≤|z|}
|f(w)|dVα(w)
≥
1
|z|2+α−γ
∫
{w∈H:|w|≤|z|}
|w|ǫ−2−αdVα(w)
≃ |z|ǫ−2−α+γǫ−1.
Hence∫
H
(ω(z)Mα,γf(z))
qdVα(z) ≥ Cα,qǫ
−q
∫
{z∈H:|z|≤1}
|z|
q(ǫ−2−α+γ)+ q
p′
(2+α−ǫ)
dVα(z)
= Cα,qǫ
−q
∫
{z∈H:|z|≤1}
|z|−2−α+
q
p
ǫ
dVα(z)
≃ ǫ−q−1.
Thus
‖ωMα,γf‖q,α & ǫ
−( 1
p′
+ 1
q
)
ǫ−
1
p ≃ [ω]
(1− γ
2+α
)p
′
q
Bp,q,α
‖ωf‖p,α,
showing that (27) is sharp.
Let us also check that (26) is sharp. Fix 0 < ǫ < 1. We consider
the same weight and function as above, ω(z) = |z|
(2+α−ǫ)
p′ and f(z) =
|z|ǫ−(2+α)1{z∈H:|z|≤1}. Recall that u = ω
−p′. We obtain [u]B∞,α ≤ [u]Bp′,α ≃
1
ǫ . From the previous computations, we have
‖ωMα,γf‖q,α & ǫ
−1− 1
q
= ǫ
− 1
p′ ǫ−
1
q ǫ−
1
p
& [ω]
1
q
Bp,q,α
[u]
1
q
B∞,α
‖ωf‖p,α,
proving the sharpness of (26).
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